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. .  .. ABSTmCT 

A new scheme of advect ing tracers by g e n e r a l  c i r c u l a t i o n  

model winds i s  p resen ted .  Within each model g r i d  box, t h e  

scheme c a l c u l a t e s  t h e  mean concen t r a t ion ,  and, i n  a d d i t i o n ,  

t h e  l i n e a r  s l o p e  of concen t r a t ion  f o r  t h e  east-west, no r th -  

sou th ,  and ver t ica l  d i r e c t i o n s .  T h i s  s l o p e s  scheme y i e l d s  

much smoother and t h u s  more r e a l i s t i c  tracer d i s t r i b u t i o n s  

than  e i t h e r  second or f o u r t h  o r d e r  schemes, and it is  rela- 

t i v e l y  non-d i f fus ive .  The upstream scheme and t h e  t h r e e  a l -  

ready mentioned schemes a r e  compared i n  one and t w o  dimen- 

sions wi th  c o n s t a n t  winds. I n  t h r e e  dimensions,  f i v e  month 

s i m u l a t i o n s  of carbon monoxide w i t h  model p r e d i c t e d  winds are 

shown. 



INTRODUCTION 

The g e n e r a l  c i r c u l a t i o n  climate model under development 

a t  t h e  Goddard I n s t i t u t e  for Space S t u d i e s  has  t h e  a b i l i t y  

t o  c a r r y  fou r  ' t racers '  on-line.  The t r a c e r s  are q u a n t i t i e s  

which are advected by t h e  winds ,  mixed by convec t ion ,  and 

changed by c a l c u l a t e d  sources  and s i n k s ,  b u t  do n o t  a f f e c t  

t h e  model 's  s imula ted  climate. W e  can a l s o  save ,  on a com-  

p u t e r  t a p e ,  t h e  monthly mixing by convec t ion ,  and, every  s i x  

hour s ,  t h e  t i m e  averaged w i n d s  over  t h a t  i n t e r v a l .  I n  t h a t  way 

w e  can  make s e v e r a l  tests of t h e  t racer  p a r t  of t h e  model 

w i thou t  recomputing t h e  whole model. Normally w e  run  t h e  

tracers i n  t h i s  o f f - l i n e  mode. 

The purpose of t h i s  paper i s  t o  examine several advec t ion  

schemes fo r  tracers t o  be used i n  con junc t ion  w i t h  t h e  winds 

gene ra t ed  by ou r  three dimensional climate inodel. 
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A t  f i r s t  w e  cons ide red  t h r e e  w e l l  known a d v e c t i v e  schemes: 

t h e  upstream scheme, t h e  second o r d e r  scheme, and t h e  f o u r t h  

o r d e r  scheme. The f i r s t  t w o  schemes a r e  described i n  F i g u r e s  

1 and 2.  The f o u r t h  o r d e r  scheme does n o t  lend  i t s e l f  t o  a 

s i m i l a r  sohematic f i g u r e .  But u s ing  t h e  same d e f i n i t i o n s  as 

t h o s e  used i n  F igu re  1, t h e  f o u r t h  o r d e r  scheme ( i n  one dimen- 

s i o n )  c a l c u l a t e s  t h e  mean c o n c e n t r a t i o n  of g r i d  box i a t  t h e  

end of a t i m e  s t e p  as  

W e  should n o t e  t h a t  i n  a l l  o u r  tes ts ,  t h e  mass f l u x  of a i r  

c r o s s i n g  an i n t e r f a c e  is predetermined.  The c u r r e n t  v e r s i o n  

of our  general. circulation model, which g e n e r a t e s  t h e  

m a s s  f l u x e s  f o r  ou r  t h r e e  dimensional  tests, u s e s  second 

o r d e r  d i f f e r e n c i n g .  

The d e f i c i e n c i e s  of each of t h e s e  schemes are w e l l  known. 

The upstream scheme i s  h ighly  d i f f u s i v e .  While t h e  second and 

f o u r t h  o rde r  scheqes are i n h e r e n t l y  non-d i f fus ive ,  n e g a t i v e  

c o n c e n t r a t i o n s  occur  wi th  both,  and adjustments  t o  p r e v e n t  

t h e s e  n e g a t i v e  concen t r a t ions  cause  d i f f u s i o n .  The second 

order schaie does n o t  aclvezt t h e  peak c e n c e n t r a t i c n  as  well 

a s  do t h e  other  schemes. I n  t h r e e  dimensions, bo th  the second 

and fourth order  schemes c r e a t e  a n o i s y  p a t t e r n  wi th  u n r e a l i s -  

t i c  g r a d i e n t s .  
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THE SLOPES SCHEME 

The s l o p e s  scheme i s  b a s i c a l l y  an upstream scheme b u t  

u s e s ,  f o r  each  g r i d  box, t h e  mean c o n c e n t r a t i o n  and t h e  l i n e a r  

s l o p e  of c o n c e n t r a t i o n  f o r  t h e  east-west, no r th - sou th ,  and 

v e r t i c a l  d i r e c t i o n s .  I n  each dimension,  t h e  d i s t r i b u t i o n  w i t h -  

i n  a g r i d  box p l u s  t h e  d i s t r i b u t i o n  of t h e  incoming a i r  minus 

t h a t  of t h e  outgoing  a i r  dur ing  a t i m e  s t e p  are f i t t e d  by t h e  

root  mean squa re  l i n e  t o  determine t h e  l i n e a r  d i s t r i b u t i o n  of 

c o n c e n t r a t i o n  f o r  t h e  n e x t  s t e p .  F igu re  3 d e s c r i b e s  t h e  

s l o p e s  scheme i n  one dimension, b u t  t h a t  p r e s c r i p t i o n  i s  

a p p l i e d  t o  a l l  t h r e e  dimensions. 

The non-d i f fus ive  c h a r a c t e r  of t h e  scheme and its a b i l i t y  

t o  advec t  tracer d i s t r i b u t i o n s  a c c u r a t e l y  w i l l  be  obvious 

f r o m  our  s e v e r a l  tests. 



PREVENTING NEGATIVE CONCENTRAT IONS 

S t a r t i n g  f r o m  a non-uniform tracer d i s t r i b u t i o n ,  it is 

p o s s i b l e  t h a t  numerical  schemes w i l l  c ause  n e g a t i v e  concen- 

t r a t i o n s .  There are s e v e r a l  d i f f e r e n t  r e a s o n s  f o r  such 

occurrences .  

Negat ive c o n c e n t r a t i o n s  can  r e s u l t  if t h e  m a s s  of a i r  

l eav ing  several f a c e s  of a g r i d  box d u r i n g  a t i m e  s t e p  ex- 

ceeds t h e  m a s s  of a i r  i n  t h e  box. (Although t h e r e  w i l l  be a i r  

e n t e r i n g  t h e  g r i d  box through o t h e r  f a c e s ,  t h e  tracer concen- 

t r a t i o n  of t h e  incoming a i r  may be i n s i g n i f i c a n t ) .  The s m a l l  

t i m e  s t e p  r e q u i r e d  when dynamically i n t e g r a t i n g  a GCM p r e v e n t s  

t h i s  problem from occur r ing  when a t racer  i s  r u n  on - l ine .  

However, when a tracer i s  r u n  o f f - l i n e ,  one t y p i c a l l y  u s e s  a 

longer  t i m e  s t e p .  

t h e  m a s s  of a i r  l eav ing  any f a c e  of a g r i d  box d u r i n g  a t i m e  

s t e p  t o  1 / 2  t h e  m a s s  of  a i r  i n  t h e  box. 

t i v e l y  e l i m i n a t e s  n e g a t i v e  c o n c e n t r a t i o n s .  

I n  t h e  upstream and s l o p e s  schemes we  l i m i t  

That l i m i t  e f f e c -  

The second and f o u r t h  o rde r  schemes r e q u i r e  a m o r e  s t r i n -  

Even i f  t h e  m a s s  of  a i r  l eav ing  one f a c e  of a g r i d  g e n t  tes t .  

box i s  s m a l l ,  it could t a k e  wi th  it a l a r g e  m a s s  of tracer,  

l eav ing  a d e f i c i t  i n  t h e  box. 

' f i l l i n g '  method of 'downstream borrowing' (Mahlman [l] ) . 
W e ,  however, use  a s impler  c a l c u l a t i o n  w h e r e i n  t h e  m a s s  of 

t r a c e r  l e a v i n g  any f a c e  of a g r i d  box dur ing  a t i m e  s t e p  i s  

l i m i t e d  t o  1 / 2  of t h e  c u r r e n t  m a s s  of t r a c e r  i n  t h e  box. 

One way t o  p r e v e n t  t h i s  i s  t h e  
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Since we advect separately in the three dimensions, our limit 

prevents negative concentrations. 

We should note that the 'downstream borrowing' method as 

used by Ma3lman [I] would be invoked less often than our 

method, and consequently would have less numerical distortion. 

However, based on tests we have run with Mahlman's formulation 

in our one dimensional model, we believe the differences should 

be insignificant. 

The final source of negative concentrations applies to 

the slopes scheme only. If t h e  marjnitude of the slope in 

any direction is sufficiently large, it is possible to have 

negative concentrations near the faces of a grid box. This 

can cause mean concentrations in neighboring boxes' to become 

negative. To prevent this, we limit the magnitude of each 

slope so that the concentration at any face is greater 

than zero and less than two times the mean concentration. 

Table I shows the frequencies at which these li.mits are 

invoked for the fifth month of our three dimensional tests. 

They are global numbers in percent, and are of course time 

step dependent. Except for the slopes limit, the east-west 

frequencies generally increase with latitude. 
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TIME STEPS 

The second and f o u r t h  o rde r  schemes u s e  l e a p  f r o g  -he-  

s t epp ing .  The l e a p  f r o g  is s t a r t e d  by a s i n g l e  forward ex- 

p b i c i t  s t e p .  I n  t h e  t w o  and t h r e e  d imens iona l  tes ts ,  w e  s t o p  

t h e  l e a p  f r o g  a t  r e g u l a r  i n t e r v a l s  and t h e n  res tar t  it w i t h  

a s i n g l e  forward s t e p .  For the upstream and s l o p e s  scheme, 

l e a p  f r o g  i s  unnecessary.  Hence, t hey  u s e  forward e x p l i c i t  

s t e p s  only.  



I .  

- .  

TESTS I N  ONE D I M E N S I O N  

Our one d imens iona l  model uses 3 6  g r i d  boxes around a 

circle wi th  all boxes having equal m a s s  and e q u a l  l e n g t h  Ax. 

The wind speed u is c o n s t a n t  i n  space  and t i m e ,  and t h e  t i m e  

s t e p  A t  i s  c o n s t a n t  i n  t ime. The o n l y  e s s e n t i a l  parameter  

i s  y = u - A t / A x  which is d b - e n s i o n l e s s .  Fo r  a l l  t h e  tests 

shown, y = 1/8. For smal le r  y ,  a l l  t h e  schemes are essen-  

t i a l l y  unchanged. For l a r g e r  y ,  t h e  upstream and s l o p e s  

schemes have s l i g h t  improvements whereas t h e  second and f o u r t h  

o r d e r  schemes a r e  degraded because of o u r  l i m i t s  imposed t o  

avoid  nega t ive  concen t r a t ions .  The i n i t i a l  t racer  d i s t r i b u -  

t i o n  i s  a wedge (see F igure  4 )  which has  been used by s e v e r a l  

a u t h o r s ,  e.g.  Mahlman and S i n c l a i r  [ 2 ] .  For t h e  s l o p e s  

scheme, t h e  i n i t i a l  s l o p e s  m u s t  also be s p e c i f i e d ;  w e  s e t  them 

t o  zero. 

The r e s u l t s  of advect ing t h e  wedge around t h e  c i rc le  f i v e  

t i m e s  w i th  each of  t h e  fou r  schemes a r e  shown i n  F i g u r e  5 .  

A p e r f e c t  scheme would keep t h e  wedge i n t a c t .  

t a t i o n s  f o r  F i g u r e s  5 and 6 we use ou r  s t a t e d  l i m i t s  t o  pre-  

v e n t  n e g a t i v e  concen t r a t ions .  I t  i s  clear t h a t  t h e  upstream 

scheme i s  h i g h l y  d i f f u s i v e .  The second o r d e r  scheme misp laces  

and rounds off  t h e  peak. Both t h e  f o u r t h  o r d e r  and s l o p e s  

schemes advec t  t h e  wedge r a t h e r  a c c u r a t e l y .  

I n  t h e  compu- 

F igu re  6 shows t h e  t r a c e r  d i s t r i b u t i o n s  produced by t h e  

f o u r  schemes a f t e r  advect ing t h e  i n i t i a l  d i s t r i b u t i o n  = i f  ty 

times around the circle .  With t h e  'upstream scheme,  
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t h e  tracer d i s t r i b u t i o n  h a s  become uniform. The second o r d e r  

scheme is  also d i f f u s i v e  and i t s  peak i s ,  of  c o u r s e ,  misp laced .  

The f o u r t h  o r d e r  scheme has sane d i f f u s i o n ,  a secondary maxi- 

mum, and i t s  peak i s  s l i g h t l y  o f f  c e n t e r .  The s l o p e s  scheme 

i s  st i l l  a c c u r a t e l y  advect ing t h e  wedge b u t  s o m e  d i f f u s i o n  

has  c r e p t  i n .  

W e  have a lso t e s t e d  t h e  schemes wi thou t  imposing o u r  

l i m i t s , .  t h u s  a l lowing nega t ive  c o n c e n t r a t i o n s .  F i g u r e  7 shows 

t h e  r e s u l t s  a f t e r  f i f t y  r e v o l u t i o n s .  For t h e  upstream scheme, 

F i g u r e s  6 and 7 are i d e n t i c a l .  The second o r d e r  scheme y i e l d s  

a mean ing le s s  d i s t r i b u t i o n .  The magnitude of t h e  peak i s  

good w i t h  t h e  f o u r t h  o rde r  scheme, b u t  i t s  loca t i -on  i s  s l i g h t l y  

misplaced and t h e  scheme has secondary maxima and minima. 

The s l o p e s  scheme i s  very smooth and i t s  peak i s  p o s i t i o n e d  

c o r r e c t l y ,  b u t  i t s  magnitude i s  less t h a n  t h a t  o f  t h e  f o u r t h  

o r d e r  scheme. 

With each of t h e  schemes, t h e  m a s s  of t r a c e r  i s  

= 50. W e  a l so  ca l cu la t e  3 6  
conserved wi th  t i m e ,  i . e . ,  Ci=1 Ri -~ 

2 36 2 t h e  R n c r m , x i = l  Ri , a s  a f u n c t i o n  of t i m e .  I t  measures  

t h e  amount of d i f f u s i o n  f o r  a g iven  scheme. For a p e r f e c t l y  

non-d i f fus ive  scheme t h e  R norm would remain c o n s t a n t .  F i g u r e  

8 shows t h e  R 2  norm f o r  t h e  f o u r  schemes us ing  o u r  s t a t e d  

2 

l i m i t s  t o  prevent  n e g a t i v e  c o n c e n t r a t i o n s .  The slopes scheme 

has  a qu ick  decrease because t h e  i n i t i a l  slopes w e r e  se t  t o  

zero .  Wi th  no limits, t h e  It norm f o r  t h e  upstream scheme 2 

would be unchanged, f o r  t h e  second and f o u r t h  o r d e r  schcres 



.. 

' 2  t h e  R 

scheme it would be somewhat greater t h a n  It i s  i n  F igu re  8 ,  

r each ing  a v a l u e  of 254 a f te r  3 0  r e v o l u t i o n s .  

norm would be cons t an t  a t  340, and for t h e  s l o p e s  



’ .  

TESTS I N  TWO DIMENSIONS 

The t w o  dimensional  model u s e s  t h e  same i d e a  as t h a t  of 

ou r  one dimensional  model. A r e g u l a r  l a t i t u d e - l o n g i t u d e  map 

d i v i d e s  up t h e  s u r f a c e  of a sphere  i n t o  36 g r i d  boxes from 

w e s t  t o  east  and 24 g r i d  boxes from n o r t h  t o  south .  The 3 6  

g r i d  boxes a d j o i n i n g  a p o l e  a r e  merged i n t o  a s i n g l e  g r i d  box. 

The c o n s t a n t  winds are  spec i f ed  so as t o  rotate  a i r  around 

a f i x e d  a x i s  w i th  a c o n s t a n t  angu la r  v e l o c i t y .  The winds are 

de f ined  a t  t h e  c o r n e r s  of the g r i d  boxes. 

An i d e a l  scheme would keep t h e  i n i t i a l  t racer  d i s t r i b u -  

t i o n  i n t a c t  and unchanged a f t e r  many r e v o l u t i o n s .  I n  r e a l i t y  

t h i s  cannot  happen because of errors i n  t h e  scheme and because 

of  t h e  f i n i t e  mesh a t  which t h e  wind p o i n t s  are d e f i n e d ;  

c e r t a i n  g r i d  boxes are  c o n s t a n t l y  accumulating a i r  and o t h e r  

are  l o s i n g  a i r .  To  correct t h i s  problem, t h e  c o n c e n t r a t i o n  

a t  t h e  beginning of a t i m e  step i s  set  equal  t o  t h e  concent ra -  

t i o n  a t  t h e  end of t h e  prev ious  s t e p ,  b u t  a i r  i s  r e d i s t r i b u t e d  

so t h a t  it is p r o p o r t i o n a l  t o  t h e  a r e a  of each g r i d  box. T h i s  

readjus tment  should n o t  a f f e c t  t h e  r e l a t i v e  performance of t h e  

d i f f e r e n t  schemes. 

For t h e  upstream and s lopes  schemes, t h e  t i m e  s t e p  i s  

1 / 4 3 2  of a f u l l  r e v o l u t i o n .  Mul t ip ly ing  by t h e  number of  

g r i d  boxes i n  t h e  east-west d i r e c t i o n  g ives  1/12, which com- 

p a r e s  wj t h  Y = 1 /8  i n  t h e  one dimensional  tests. The second 

and f o u r t h  o rde r  schemes use a time s t e p  of 1 / 1 7 2 8  of a f u l l  

r e v o l u t i o n ;  o r  1 / 4 8  per  g r i d  box. T h e  smal le r  t i n e  s t e p  
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reduces  t h e  f requency  of invoking o u r  limits p r e v e n t i n g  nega-_ 

t i v e  c o n c e n t r a t i o n s .  All schemes  f o r  t h e  t w o  d imens iona l  

tests u s e  t h e  limits descr ibed  above. 

The i n i t i a l  t racer d i s t r i b u t i o n  f o r  o u r  t w o  d imens iona l  

tes ts  i s  shown i n  F igu re  9 .  The symbols used t o  s p e c i f y  t h e  

c o n c e n t r a t i o n  w i t h i n  t h e  2 4  by 3 6  m a t r i x  of g r i d  boxes 

use  a loga r i thmic  base  2 s c a l e :  

o = o  - + I  7 = 64 -+ 1 2 8  E = 8 1 9 2 2  -+ 1 6 3 8 4  

1 = 1  + 2  8 = 128 -+ 256  F = 1 6 3 8 4  -+ 3 2 x 8  

2 = 2  - + 4  9 = 256 -+ 5 1 2  G = 3 2 7 6 8  -+ 6 5 5 3 6  

3 = 4  + 8  A = 512 -+ 1 0 2 4  H = 6 5 5 3 6  -+ 1 3 1 0 7 2  

4 = 8  + 1 6  B = 1 0 2 4  -+ 2G48 I = 1 3 1 0 7 2 - + 2 6 2 1 4 4  

5 = 1 6  -+ 3 2  C = 2048 -+ 4 0 9 6  

6 = 3 2  -+ 64  D = 4069 -+ 8 1 9 2  

Remember t h e  t o p  r o w  m a t r i x  e n t r i e s  and bottom'row e n t r i e s  

correspond t o  s i n g l e  p o l a r  g r i d  boxes. For F i g u r e  9 ,  a v a l u e  

of t r a c e r  c o n c e n t r a t i o n  of zero f o r  a g r i d  box i s  blanked o u t .  

For F i g u r e s  1 0  and 11, values  from 3 2  t o  1 0 2 4  are blanked o u t  

i n  o r d e r  t o  b e t t e r  d i s c e r n  t h e  problems wi th  t h e  schemes. The 

average area weighted t r a c e r  c o n c e n t r a t i o n  over  t h e  qlobe i s  

1 0 0 0 .  

For t h e  s l o p e s  schene, t h e  t w o  p o l a r  g r i d  boxes do n o t  

use  or calculate a h o r i z o n t a l  s lope;  t h e  h o r i z o n t a l  concent ra -  

t i o n  is  always uniform. A t  t h e  i n i t i a l  time, a i l  slopes are 

set to z e r o .  



I .  

Figure  1 0  shows t h e  t r a c e r  d i s t r i b u t i o n  a f te r  a d v e c t i n g  

t h e  i n i t i a l  stake t w i c e  around t h e  globe. The iipstream scheme 

i s  ve ry  d i f f u s i v e ,  b u t  it does a c c u r a t e l y  predS t h e  p o s i t i o n  

of; maximum concen t r a t ion .  The second o r d e r  scheme does  n o t  

p o s i t i o n  t h e  peak as w e l l  a s  t h e  o t h e r  schemes. The f o u r t h  

o r d e r  scheme shows an  u n r e a l i s t i c  wave p a t t e r n ,  b u t  t h e  peak 

c o n c e n t r a t i o n  i s  l a r g e r  and thus  m o r e  a c c u r a t e  t h a n  it i s  f o r  

t h e  o therschemes .  The slopes scheme y i e l d s  a t racer  d i s t r i b u -  

t i o n  which i s  ve ry  smooth and q u i t e  r e a l i s t i c  i n  o t h e r  r e s p e c t s .  

F igu re  11 shows t h e  t r a c e r  d i s t r i b u t i o n s  a f t e r  t e n  revolu-  

t i o n s .  The upstream scheme h a s  d i s p e r s e d  t h e  t r a c e r  a lmost  

t o  t h e  p o i n t  of homogeniety. The peak c o n c e n t r a t i o n  f o r  t h e  

second o rde r  scheme l a g s  behind i t s  correct l o c a t i o n  and t h e  

d i s t r i b u t i o n  i s  smeared over several  g r i d  boxes.  The f o u r t h  

o r d e r  scheme has  a l a r g e  peak a t  a p a c c u r a t e p o s i t i o n ;  i t s  

main d e f i c i e n c y  is  t h e  p e r s i s t e n t  wave p a t t e r n c  The peak con- 

c e n t r a t i o n  f o r  t h e  s l o p e s  scheme i s  less t h a n  t h a t  of t h e  

f o u r t h  o rde r  scheme b u t  i n  o the r  r e s p e c t s  t h e  s l o p e s  scheme 

does a good job .  
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THREE DIMENSIONAL TESTS W1.TH CARBON MONOXIDE 

We saved on a computer t a p e  t h e  winds g e n e r a t e d  by o u r  

t h r e e  dimensional  cl imate model . .  The model i s  a sigma coord i -  

n a t e  GCM wi th  seven v e r t i c a l  l a y e r s  and 8 O  by l o o  h o r i z o n t a l  

r e s o l u t i o n .  The winds w e r e  averaged ove r  6 hour i n t e r v a l s .  

For t h e s e  tests t h e r e  w a s  no mixing by convec t ion .  

The tracer model w a s  run o f f - l i n e  wi,th carbon monoxide 

a s  t h e  trace c o n s t i t u e n t .  The  model i nc luded  a r e a l i s t i c  

anthropogenic  source  over  i n d u s t r i a l  areas and a n  e q u a t o r i a l  

p l a n t  source ,  bo th  of which were r e l e a s e d  i n t o  t h e  bottom l a y e r .  

There w a s  a photo-chemical d e s t r u c t i o n  r a t e  p r o p o r t i o n a l  t o  t h e  

c u r r e n t  c o n c e n t r a t i o n  of CO and an  independent  photo-chemical 

p roduc t ion  ra te ,  both  of which a f f e c t  a l l  l a y e r s .  

The i n i t i a l  c o n d i t i o n s  for  the,se tests were g e n e r a t e d  by 

running t h e  slopes, scheme f o r  2 y e a r s  s t a r t i n g  from a uniform 

CO c o n c e n t r a t i o n  of 

Each of t h e  fou r  schemes w e r e  t h e n  i n t e g r a t e d  f o r  f i v e  months, 

w i th  t h e  f i n a l  concen t r a t ions  o f  l a y e r  4 a s  shown i n  F i g u r e  1 2 .  

(kilograms of CO p e r  ki logram of a i r ) .  

Without going i n t o  t h e  d e t a i l s  of t h e  computat ions f o r  

t h e  winds o r  t h e  sou rces  and s i n k s  f o r  CO, we simply s t a t e  

t h a t  t hey  a r e  r ea l i s t i c  f o r  our  p l a n e t .  I n  f a c t ,  w i t h  t h e  

excep t ion  of t h e  upstream scheme,  t h e  l a t i t u d i n a l  ave rages  of 

t h e  CO d i s t r i b u t i o n s  are comparable t o  observed d i s t r i b u t i o n s .  

The CO problem w i l l  be d iscussed  i n  d e t a i l  i n  a s e p a r a t e  pub- 

l i c a t i o n .  



. .  

A s  u s u a l  t h e  upstream scheme i s  di’ffusive,  b u t  a t  least  

i t  is  ve ry  smooth. The second o r d e r  and f o u r t h  o r d e r  schemes 

have i so la ted  g r i d  boxes w i t h  small c o n c e n t r a t i o n s  and l i n e s  

of g r i d  boxes wi th  a l t e r n a t i n g  c o n c e n t r a t i o n s .  Both of t h e s e  

f e a t u r e s  are u n r e a l i s t i c ;  they are n o t  gene ra t ed  by t h e  

sou rces  nor t h e  winds, b u t  a r e  caused by t h e  schemes them- 

se lves .  The p a t t e r n  f o r  t h e  s l o p e s  scheme is v e r y  Smooth, 

and a t  t h e  same t i m e  t h e  l a t i t u d i n a l  averages  are comparable 

t o  t h o s e  of  second and f o u r t h  o r d e r  schemes. 

17 
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CONCLUSION 

It i s  c lear  f r o m  our three d imens lona l  tes ts  t h a t  i f  

one is i n t e r e s t e d  i n  t h e  c o n c e n t r a t i o n  a t  a p a r t i c u l a r  l o c a t i o n ,  

t h e  s l o p e s  scheme i s  supe r io r  t o  t h e  o t h e r  schemes. The 

tracer d i s t r i b u t i o n s  produced by t h i s  scheme are  smoother 

t han  t h o s e  of t h e  second order  and f o u r t h  o r d e r  schemes, 

and y e t  t h e  s l o p e s  scheme i s  n o t  more d i f f u s i v e  t h a n  e i t h e r  Of 

t h o s e  o t h e r  methods. 

W e  should n o t e  t h a t  fo r  each s t e p ,  t h e  s l o p e s  scheme 

r e q u i r e s  t h r e e  t i m e s  as much computing t i m e  as t h e  o t h e r  

schemes.. However, much of t h i s  computing t i m e  can  be  re- 

couped, because it i s  p o s s i b l e  t o  t a k e  a l a r g e r  time s t e p  

w i t h  t h e  s l o p e s  scheme than  wi th  t h e  second or f o u r t h  o r d e r  

schemes. 

re 
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F i g u r e  1. Diagram of t h e  upstream scheme i n  one  d imens ion .  

The s o l i d  v e r t i c a l  l i n e s  are t h e  i n t e r f a c e s  of  c o n t i g u o u s  g r i d  

boxes i-1, i and i+l. The a b s c i s s a  i s  mass of a i r ' n o r m a l i z e d  

by t h e  mass of air i n  grid box i. 

t r a t i o n .  The s o l i d  circles a r e  t h e  inean c o n c e n t r a t i o n s  a t  the 

beginning  of a t i m e  s t e p  with v a l u e s  Ri - 1, R .  1 and Ri+L. 

heavy s o l i d  l i n e s  show t h e  c o n c e n t r a t i o n  a t  which tracer i s  

moved. a i s  t h e  mass of a i r  which moves from g r i d  box i-1 i n t o  

g r i d  box i dur ing  t h e  t i m e  s t e p ;  f3 i s  t h e  mass of a i r  which moves 

from g r i d  box i i n t o  g r i d  box i+l. ( I n  t h i s  example,  bo th  a and 

B a r e  p o s i t i v e ) .  

g r i d  box i-1 i n t o  g r i d  box i d u r i n g  the t i m e  s t e p ;  f3R. i s  t h e  

mass of t r a c e r  which moves from g r i d  box i into g r i d  box i+l. 

The o r d i n a t e  i s  tracer concen- 

The 

Q R i - 1  is  t h e  mass of t r a c e r  which moves from 

1 

T h e  mean conce r i t r a t ion  of g r i d  box i a t  the end  of t h e  t i m e  s t e p  

shown by t h e  open c i r c l e  i s  ( R  f aRidl - l 3 R i ) / ( l + 0 :  - G ) .  i 

20 
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Figure 2. Diagram of the second order scheme in one dimen- 

sion. 

mas[ tracer which moves from grid box i-1 into grid box i 

For nomenclature refer t o  Figure 1. a(Ri - 1+Ri)/2 is the 

dur the time s t e p ;  B(Ri+Ri+1)/2 is the mass of tracer which 

movt f r o m  grid box i into grid box i+l. The mean concentra- 

tion of grid box i at the end of the time s t e p  shown by the 

open circle is [Ri+a(R +R.)/2-B (R.SRi+l)/2]/(l+a-B). i-l 1 1 
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F i g u r e  3 .  Diagram of t h e  s l o p e s  scheme i n  one dimension.  

For nomenclature  r e f e r  t o  F igu re  1. The heavy s o l i d  l i n e s  

i n d i c a t e  t h e  l i n e a r  d i s t r i b u t i o n  of c o n c e n t r a t i o n  of t h r e e  

g r i d  b o x e s . a t  t h e  beginning  of a t i m e  s t e p .  

a p iece-wise  l i n e a r  f u n c t i o n  f ( x )  . 
t h a t  moves from g r i d  box i - l . i n t o  g r i d  box i d u r i n g  t h e  t i m e  

s t e p  i s  determined by a t r a p e z o i d ;  t h e  bases  are t h e  v e r t i c a l  

l i n e s  a t  -$-a and -$, one end i s  t h e  x-ax is ,  t h e  o t h e r  end is 

a heavy s o l i d  l i n e .  The m a s s  o f  t racer  t h a t  moves 

from i i n t o  i+l i s  also a t r a p e z o i d .  The heavy dashed  l i n e  

segment i s  the l eas t  s q u a r e  f i t  l i n e  f o r  the  f u n c t i o n  f ( x )  i n  

t h e  i n t e r v a l  (-+-a, 5-B) . It d e t e r m i n e s  the l i n e a r  d i s t r i b u -  

t i o n  of g r i d  box i a t  t h e  end of  t h e  t i m c  step. 

of  the least s q u a r e  fit ,  t h e  c e n t e r  p o i n t  of t h e  dashed  seg- 

ment c o i n c i d e s  w i t h  t h e  mean c o n c e n t r a t i o n  of g r i d  box i 

a t  t h e  end of Dhe timc s t e p .  I t  i s  shown by t h e  open c i rc le .  

They d e t e r m i n e  

The m a s s  of t racer  

By v i r t u e  

a a 
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Figure 5. Distribution after 5 revolutions for the one 

Negative concentrations are prevented by dimensional model. 

using our stated limits. 
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Figure 6. Distribution after 50 revolutions for the one 

Negative concentrations are prevented by dimensional model. 

using our stated limits. 

25 



-e- 

Units of Grid Length AX 

F i g u r e  7.  D i s t r i b u t i o n  after 5 0  r c v o l u t i o n s  for t h e  one 

dimens iona l  model. The schemes do n o t  use o u r  l i m i t s .  Con- 

centrations can be p o s i t i v e  o r  n e g a t i v e .  
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wedge (F igu re  4 )  whose R2 norm is  340. 

The i n i t i a l  s t a t e  i s  the 
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Figure  9 .  I n i t i a l  d i s t r i b u t i o n  f o r  t h e  t w o  d i m e n s i o n a l  

tests.  L a t i t u d e  and long i tude  c o o r d i n a t e s  of t h e  s p h e r e  are 

mapped onto a r e c t a n g l e ;  poles of t h e  sphe re  are  mapped o n t o  

t h e  t o p  and bottom edges.  N u m b e r s  on  t h e  l e f t  i n d i c a t e  t h e  

average  c o n c e n t r a t i o n  over  a whole l a t i t u d e .  Except  f o r  t h e  

n i n e  g r i d  boxes,  t h e  c o n c e n t r a t i o n s  are  zero .  The c o r n e r  box 

c o n c e n t r a t i o n s  of t h e  n i n e  a r e  % t h e  c o n c e n t r a t i o n  of t h e  

c e n t e r  box. The c o n c e n t r a t i o n s  of t h e  o t h e r  f o u r  are + t h e  

c e n t e r  c o n c e n t r a t i o n .  The l i n e  shows t h e  p a t h  a p o i n t  would 

t r a v e r s e  were it t o  follow our w i n d s  e x a c t l y .  The circles 

i n d i c a t e  t h e  a x i s  of ro t a t ion  f o r  t h e  winds. 
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o u o o o o o i i i~~ B G F F ' ~ Z C  ~~iooooouoooo 
000OUCOUCU03 CE F I 1  FJJjD B 0000000000000 

after 2 r e v o l u t i o n s  for the two 

d imens iona l  model. 

Qs inc j  o m  s t a t e d  l i m i t s .  Number matrix eritrf-(3s correspond t o  

c o n c e n t r a t i o n s  f r o m  0 t o  32, b l a n k s  f r o i n  3 2  to 1024, and 

l e t te rs  from 1 0 2 4  Ixprqard. The n i m  boxes of the i n i t i a l  d i s -  

t r i b u t i o n  are outlined. 

Negat ive concentrat i .ons are p r e v e n t e d  by 

2x9 



i *  

r UPSTRfAM SCHEME AFTER 10 R E V O L U T I O N S  

1 

BBCC CCDDDDDDDDDDOCCCCBB 
D 0 D D D D D D D I) 0 D D D D C C - 6 B BBBBCCCD 
DDDDDDDDDDUDDDDCCCCB BBBCCCDD 
C C CCC C C C CC C C C OC C C, E! C C E B 3 BBCCCCC 
B B  BBCCCCCCCCCCBR 50  B B U C  
0000000 J b C C C C C C S B B B  i 0025 4 1 
OOOOO(3OOU 3 B B B B C C C B B C B  5 4 2 0 0 0  
3 3 2 1 0 0 0 @ 0 1  BBBOBBBSB 5 5 4  
5 4 3 3 2 1 0 0 0 0  B B B H B B B B  5 
5 5 4 3 ? 2 0 0 0 0 4  B B  
5 5 4 4 3 2 1 0 0 0 0  
5 5 4 3 3 2 1 1 0 0 0  

5 5 5 4  4 4 3 3 2 1 2 1 0 0 4 5 5  

1 2 2 1 1 1 1 0 1 2 2 2 2 2 2 2 2 3 3 4 4 4 4 4 4 4 4 4 3 3 3 2 2 2 1 1  

5 4 4 3 2 2 2 1 0 0 3  5 

2 1 2 2 2 1 1 2 0 2 3 3 3 3 4 4 4 5 5  5 5 5 5 4 4 4 3 4 3  

11003c0011000001111 :2222~11122222211  
OOOOOOO~OOOOO0OOOoOCIOOOQOOOOOOOOOOC3 

,0000OD00000000000000300000000000000000 

1 1 4 8  
1 1 3 3  
1 1 1 6  
11X?B 
1 8 8 4  
1 0 6 9  
1 8 5 5  
l a 4 4  
1B34 
1 0 2 5  
1 8 1 7  
1 3 0 9  
l a 0 1  

9 9 2  
9 8 3  
973  
9 6  1 
3 4 7  
9 2 9  
91r5 
8 7 7  
84 3 
€a 1 
7 5 1  

130B 
---- 

1 
2 7  

1 3 1  
4 4 0  

1 9 7 1  
3 9 7 8  
3 4 4 5  
2 5 1 7  
2 2 4 2  
1 7 2 1  
1H57 

6 8 3  
3 7 I 
2 6  1 
213'7 
1 3 2  

3 4  
38 
2 2  
1 0  
3 

4 8  

M A X I M U N  VALUE OF 1 1 4 8  A T  (1, 1 )  

4TH GRCER SCI iEME AFTER !E R E V O L U T I C N S  

E m 0  00 0 000 0 0 0 00 0 0 OQ 0 Q$cJ 3 I; 0 0 00 0 0000. 
555 5 5 4 4 3 4 3 4 4 5 5 5 5 5 5 4 5 4 5  

5 5 4 0  
B B C E B B B  4 4 0 3 0 5  

EECCCCDDDDDDDUCBB 0 0 
=CCCCDDDGEEEEEf  EDDCB 5 EBB 

B B B B  

BCCCCC6 SCDEEEEDCB 2 5  

2 ' 4  

EBt3 
4 

BBBCCCCCB 83bDDtlCB 5 53 

SC O E  E E F CE;E D C  a 
C E  E E E E I1 DC B Ll 

BCCCB BCDDCCB 5 4  

0 8 6  2 O B 6  5 2 4  

a a  5 0 4  55 44 5 

0 5  5 ? 0  B B B S  2 ECCCD 

0 5 1  5 5 4 2  

3 53(J I4[ ;554353 4 5 
G330 4 5  5 4 5 4 ~ 1 0 0 2 1 3 4 4 3 3  505 41 

5 5 5 5 3 2 3 3 2 3 4 3 4 4 $ 4 5 5 5 4 4 1 4 ~ ~  5 54 

5 4 3 0  4 4 15 3 0 a 5 4 2 ii 4 1 3 5 5 3 4 1 3 5 
5 5 2 3  5 3 4 4 5 3 4 4 4 5 5 5 4 A i ~ 5 5 5 5 5 5  

: :007 3 5 5 4 2 1 2 2 2 2 103 3 0 4  5 3 4 4 2 4 5 4 5 5 5 5 4 3 5 '3 
0 2 3 z! i 00002 3 3 2: ,?@OO 1 OC: 3 2 1 '3 2' 3 3 3 3 3 3 3 3 4 2 1 

F i g u r e  11. D i s t r i b u t i o n  

0 
15 

1 8 9  
4 5 4  

1 2 6 6  
Z iff0 
3 5 2 5  
3 5 4 5  
2 4 7 2  
1 4 7 6  

835 
655 
5 2 8  
4 2 8  
3 31.J 
2 4 2  
i 66 

9 9  
4 6  
16 

5 
1 

.0 
0 

I BEL7 
---- 

2 7 4  
3 4 0  
4B5 

l a 8 6  
243.4 
2 8 0 3  
2b46 
2'374 
2171 8 
1 6 2 7  
1 2 5 2  
Y34 
6 7 U  
3 Ga 
3 .ufi 
1 7 3  
85 
33 

9 
2 
2 
2 
1 
1 

1 BBB 
-.--- 

2 N D  ORDER SCHEME A F T E R  1 8  R E V O L U T I O N S  

4 2  44  5 4 4  
I ~ B C C C C Z C C C C C C E R R B  B B B  I3 

5- R I 4 5 4 0  

S L O P E S  SCHEME AFTER IP R E V O L U T I O N S  

1 

C V I X ' I M U M  V A L U E  OF 1 2 4 2 3  AT ( 8 , 1 5 )  

a f t e r  1 0  r e v o l u t i o n s  f o r  t h e  

two d imens iona l  model. Negative c o n c e n t r a t i o n s  are p r e v e n t e d  

by u s i n g  o u r  s t a t e d  l i m i t s .  Number m a t r i x  e n t r i e s  co r re spond  

t o  c o n c e n t r a t i o n s  frorn 0 t o  3 2 ,  b l anks  f r o m  3 2  t o  1024, and 

le t ters  f r o m  1024 upward. The n i m  boxes of the i n i t i a l  c l i s -  

t r i b u t i o n  arc  outl . incd. 
30 



6' 

# 

1647  
1634 
1645 
1668  
1636  
1589 
1552  
1526 
1460  
1318 
1203 

9 8 0  
836 
785 
762  
719 
706  
705 
708 
706  
704 
7 0 2  
702  
702 

1073.  
---- 

2569 
2662  
2427 
2264  
2122 
1585 
1 4 5 1  
162H 
1634 
1 1 8 5  
1 3F.T 

694 
7 2 0  
7'1 2 
721  
6 6 9  
5 72 
4 6  1 
5 8 4  
513 
585 
5 5 9  
G 2i4 
4 4 0  

1B68 
. - ___  

CAUCCCUCACCACBCCDCCCBCBCCCCCCCBCCCCB 
C L; B C L A  I3 B C B C C C C 9 CA '3 C C C R C B C C 9 CAB 9 13 D C C B 
Ir I5 B D t: C A C A C A C S C C  E A S A B A B  G 8 9 G C  d 6AB 7 C B C 6  
F; C A 9 4 C A B  B A 1'. E Li 9 G U @ W C A L  B 13 7 U 9 C C C UA B C C 

UPSTREAM SCHEME CO TRACER (10f*-101 

BBBBRBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB 
BBBBBBBBBBBBBBBBRBBBBBRBBBBBBBBBBBBBB 
BBRBBCBBBBBBBBBBBBBBBeeBDBBBBBB6BBBBfl  
BBBCBBBBBBBBBBBBBBBBBBGaBBBBBBBBBBBBB 
B B B B U U B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B  
B G B B B B B B B B B B B U B B B B B B B B B B B B B B B B B B B B B B  
BBECBGfiBBBBBBBBBBBRBBBBGBBBBBBCBBBBBBB 
BGaBBOBBBEBBBBBBBBBBUBGEBBEt?BEBBBBBBB 
A B B U U U B E C G B B B B C B B B B B B B B R e R B B B B 6 B B B B B  
A k A A B A A B B B G 5 B B C B B C E B B B E B E B B ~ E U B A A A A A  
AAAAAk4AAABBBBBABBBBBBBAkAAAAAAAAAAAA 
AAAAAAAAAAABBBAAAAAAAAAAAAAAAAAAAAAA 
AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA 
AAAAAAAAAAAAAAAkAAAAAAAAAkAkAkAAAkAAAAAA 
AAAAAAAAAAAAAAAi'At4AAAAAAAAAAAAAAAAAA 
AAAAA~AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA 
AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA~A 
AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA 

AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA 
AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA 
A A A A A A A A A A k A A A A A ~ A A A A A A A A A A A ~ A A A A A A A A  

AAAAPAA AAkAA AAP.A.4 AA AAAA AAA AAAA A AAR AA 

MAXIMUM VALUE OF 2 0 7 3  AT ( B , 2 9 )  

4TH ORDER SCHEKE CO TP.ACER (16**-18) 

~ccccccCccccccccccccccccccccccccccccc1 
I ACABCCCCCBACBCCBDCBCCBCDCCCDBC9CCBCD I CBCC9CCCBBCKBBGBBCBCCCCCCUDCCCCBCACCA 

2537 
2 5 4 8  
2 7 1 3  
2 3 5 1  
2156  
206  3 
1 7 8 0  
1457  
1 2 5 0  
1 3 2 7  
1434  

7 6 6  
7 8  1 
6 9 8  
7 9 2  
6 6 9  
5 6 4  
5 9 8  
5 6 5  
5 9 5  
6LI2 
5 4 8  
5'18 
5 7 9  

1114  
_ _ _ ^  

2ND ORDER SCHEME CO TRACER (10**-10) 

cccccccccccccccccccccccccccccccccccc I BCDCCBCCBBDCCCCBCBCACCCBCCCCCACBCCBC 

1 C C C C C C C C C C B C C B C C C C C B B C B B C D C C C C C B B B 7 6  I BUCCBCABACCDC9BABCACBBCCCCCCCCCDCABC 
' C C C C B C C B B C C 9 C C B C C B B B B B B B C B C C A A C C C C C C  
C B C C B B C B C C C B C C B B B C B C C C B B B C B A 9 C C C C C C C  
C C C C B A 9 B 9 B B A B B G A A R B C C B B B C B B 9 B C C 9 B C C C  

AA9BAAABAAkAAA99ABAAAA9AAAAA9AAA9A9A 
A8AAA9A90AAAAA99AAAA9A9A999AA9AA7A9A 
9AA9A9A9A99A999A9AAA9AAAAAAA99AAAA9A 
AAA7AHAAAA. QYARA9A9A9AhAAAAA9AA9A9A99  [7- . __ 
AAAA9AAAAA97AA9AAAAAAD99AAAA9AA9AA9A 
9AAA9A9AAAY9A8AAA9AA799BA9AA99AAAAAA 
79AA9A9AB8A9799AAAB9AA9A9AA999AAA7AA 
~ - -  AAAAAAAAAAAAAAAAAAAAAAAAA_4AAAAAAAAAA 

M A X I M U M  VALUE OF 5 0 5 3  AT ( 4 , 1 2 )  

99AA999AAAAAAA88AAAA9A99AAAAA9APtAAAA 

SLOPES SCHEME CO T R A C E R  (1~3* *~10)  

1397  
1347  

9 5 4  
672  
64G 
G ' r l  
603  
555 
5 2 7  
533  
5 5 6  
56  1 
5G5 
537 
53  1 

1032  
---- 

F i g u r e  1 2 .  I n s t a n t a n e o u s  CO d i s t r i b u t i o n  of layer 4 of 

our  t h r e e  d imens iona l  t racer  model (in u n i t s  of 1 0  -lo k i l o g r a m s  

of CO per Icilograin oC sir). Negative c o n c e n t r a t i o n s  are p r e v e n t e d  

by t isiny ou r  s t a t e d  limits. Grid box en t r ies  u s e  o u r  l o g a r i t h m i c  

base 2 s c a l e .  Isol-at-cd q r i d  boxes and l i n e s  of g r i d  boxes a rc  

o u t l i n e d  L o  show the prohlcms w i  th ths schemes. 
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TABLE I 

Frequency of invoking o u r  s ta ted  l i m i t s  

t o  p r e v e n t  nega t ive  c o n c e n t r a t i o n s  

At = 1800 seconds At = 3600 seconds  

E- W N- S V e r t  E- W N- S V e r t  

A i r  mass l i m i t ,  
upstream and s l o p e s  0. 0. 0. .036 0. 0. 

Second o r d e r  l i m i t  1.098 .841 -410 3.532 .946 .413 

Four th  o r d e r  l i m i t  1.298 .986 626 3.686 1 . 0 7 5  -628 

Slopes l i i n i t  .035 ,123 . 2 7 4  .034 .3:7 . 2 4 4  


